Supplementary notes on return mapping and theory of plasticity

1 Return mapping

A trial state of deformation F¥ is computed, assuming no plastic flow from time t* to t"*t1. With
this assumption, the plastic deformation does not change over the time step, so FPntl = Fbhn,
and FE 1 — FE However, if the yield condition is violated when 7 is computed from the trial
deformation FZ, then F¥ must be modified accordingly to satisfy the constraint. This process is
often referred to as the return mapping: F¥ — FEn1 There are infinitely many ways that this can
be done. We use associative plastic flow since it is straightforward with our choice of hyperelastic
potential, and guarantees no violation of the second law of thermodynamics. See Section 3 for
details.

Associativity requires that the projection of the stress be done in a direction equal to the elas-
ticity tensor C = 2uZ + AI ® I times the normal to the yield surface g—f’”_. Here C is a fourth-order
tensor, Z the fourth-order identity tensor, and I the second-order identity tensor. This process can

be described succinctly in terms of the trial and project elastic Hencky strain as

- 0

el —ebmtl = 5—y(C : eE’”‘H), (1)
T

where e = %IH(FE(FE)T) is the trial elastic Hencky strain, e¥ 1 = L In(FEn L (FE+HT) is the

projected elastic Hencky strain, C : €®"+1 = 7 = Xr(ef" )T + 2ue®"*! is the elasticity tensor,

and 6 > 0 is a Lagrange multiplier chosen so that e®"*! is on the yield surface.

Due to our assumption of isotropy, the constraint in Equation (1) can be satisfied in terms of
the singular values of the elastic deformation gradient. Furthermore, the singular vectors of the
trial elastic strain do not change in the return mapping:

FEn+1 _ UEEE,nH(VE)T7 FE — UEEN:E(VE)T. 2)

With this convention, the trial and projected Hencky strains and Kirchhoff stresses satisfy

ef = UP s (UP)T (3)
eE,n-‘rl _ UE In 2E7n+1(UE)T (4)
and
7P = UE (Atr(ln(iE))I +2u 1n(2E)) (UE)T (5)
B = UF (Ar(In(ZP" )T+ 2pIn(ZF7 ) (UF)T, (6)
respectively.

The return mapping is completed as an operation on the eigenvalues €”. For simplicity of no-
tation, we henceforth denote the eigenvalues of € and 7% by € and + = A\(1- €)1 4 2u€ respectively,
where 1 is the vector of all ones. Furthermore, we refer to the eigenvalues of the projected e®"+1
and 7Pt ag proj(€) and proj(7) respectively. The process of satisfying Equation (1) is, in the
case of the Rankine yield condition,



If A\1 - €+ 2pe; < 7¢, no projection, proj(€) = €,

If Qu+Nea+A(1-€—e€1) < 1o <Al-€+ 2uep, proj(€) = (%, 62,63>,

If (2004 3\)es < 70 < (2u+Nes+A(1-€—ey), proj(e) = (TC‘Ag}ﬁ;;l‘”), TC‘A;};j;;‘E?),eg),

If 70 < (21 + 3A)es, proj(€) = 57551

In the case of the von Mises yield condition, the projection is

o If |7 —1-71] < 7¢, no projection, proj(€) = €,

o If [ —1-71| > 7c, p=(¥-1)5, d =7 — p, proj(7) = p + 7o, proj(€) = C~'proj(7)

where
) 24+ A A A
C= A 20+ A A . (7)
A A 20+ A

After the projection has been done, the singular values of the time t"*! elastic deformation gradient
are computed from XF"*1 = exp(proj(€)), which are used to construct the deformation gradient

as in Equation (2). Lastly, the time ¢"! plastic deformation gradient is computed from FPrtl —
(FE,n—&—l)—an—f—l‘

2 Rates of plastic low
The rate of change of the plastic decomposition F = FgFp is
FE = FF;;l — FEFPF];1
Fp=Fp 'F - Fp 'FpFp.

Furthermore defining by = F EFE as the elastic right Cauchy-Green strain and using Equations (8),
we can see that

. ov ovT
bg = 87XbE + bE& + Lybg 9)

where
Lybg =FC,'F' = -FC,'C,C,'F" = -FC, 'FLFpC,'F" —FC,'FLFpC,'F"  (10)

and C, = FEF p is the plastic left Cauchy-Green strain. It is convenient to use the notation

) ) . ov ovT
bg =bgly,_o+ Lvbe, belp,_¢ = 9% PE T PEo (11)
The elastic Hencky strain e€g is defined as
1
ep = 5 log (bp). (12)



See Appendix (§5) for more details on functions defined this way. The rate of change of the elastic
Hencky strain is given by

éx = ([Bl(be) o [bs]) we o (13)

where bp =), /\zE2uz ®@u;, €g =, log ( ) u; ® u;, [bE]” =u;- (BEuj) are the components of

bg in the eigen basis and

1 log(Ag1)—log(Ag2) log(Ap1)— 10g(/\E3)
20%, B A1~
B .b _ 10g()\E2)—10g(>\E1) 1 IOg()‘EQS IOg(/\ES) 14
[Bl(bp) = 22,23 227, 22,22 : (14)
10g(>\E233*102gb\E1) log()\E23)*102g()\E2) 12
A3~ AE1 A3~ AE2 2XE3

See Appendix (§5) and Equation (42) for the derivation.

2.1 Energy dissipation and stress/rate pairs

The energy at time ¢ of the material in B is

E(t; B%) = R(X 0 IV(X, t)]QdX—i—/ Y(Fp(X,t),Fp(X,t))dX. (15)
BO
with P = —(FE, Fp)F;.T. The rate of change of the energy is
E'(t;BY) = R(X,O)V(X,t)A(X,t)dX+/ i —(Fp(X,t),Fp(X,t)) : Fg(X,t)dX+ (16)
50 5o OF
| i (Bp(X. 0, F p(X.0)) s Fr(X. 10X (17)
5o OF p

where

0 .
/BO aﬁE(FE,Fp) FpdX =

/BO a(i:bE(FmFP) (FF* ~FpFpF; )dX:

/BOP3 <F_FEFP>dX:

_/ V. (VX.P)dX + V.(PN)ds(X)_/ (FLP) : FpdX =
BO o

and using R(X,0)A(X,t) = (VX .P)(X,t) with Equation (16) gives

oBY

E'(t;B%) = V- (PN)ds(X) — / (FEP) : FpdX+ (18)
oBY BO

0 :
Fp,Fp): FpdX.

/BO aF ( E, P) P
Note that P = ;- (Fp, Fp)Fp!, (FEP) : Fp = (FLAL (Fp, Fp)) : (EpF5!). The term

LY = FpF ;! (19)



is called the plastic velocity gradient. Using this we can write the change in energy as

E'(t; B®) = V.- (PN)ds(X)— [ MFP:LPdX+ (20)
dBO BO
o .
Frp F FpdX.
/BO 8Fp( e, Fp):Fp
where we define the Mendel stress M as

0

MZ — FL %% p, ¥y, (21)
OF g

The term [, V - (PN)ds(X) is the rate of work done on BY at time ¢ via contact with material
external to the region.

2.2 Isotropy

In this case we assume the energy density ¢(F g, Fp) is of the form ) (F g, Fp) = ¢(I(Fg), [I(Fg), III(Fg))
and

9 _
8];!; (Fp,Fp) = aFp + BbpFr +7FL"
G,
+=PFT = a];Z’E (Fg,Fp)F5 FT = abg + fbp? + 1.

Note that 7 and by as well as 7 and bg ! commute in this case
brpT =bgT, bEilT = TbEil. (22)

7 is the Kirchhoff stress and it is convenient to work with for some models. E.g. we can rewrite the
plastic dissipation in terms of 7 since

MZ L = (FpkpF ). (23)
Using the definitions in Equations (9) and (10) and
Lybpby! = —FpFp FLF,' — FpFpF ! (24)
we can conclude that in the case of isotropic energy density
71 (Lybgby!) = —7 <FEF_TF£F_1> _r (FEFPFfl)
—tr (TFEF jri e ) T (FEFPF—l)
~tr (rFFEF, FR FRFL ) — 72 (FpFpF ')
—tr (rbpF TFRFLY) — 7 (FpfpF!)
—tr (bETF_TF 7) -7 (FekpF )
tr( TR o (FpkpF )

— o7 (FEFPF— ) (25)
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2.3 Plastic dissipation rate without hardening

In summary, the rate of energy release due to plasticity (with no hardening) can be written as

/ (X, t)dX (26)
BO
where
. 1
iy = (FEP) s Fp = MP 1P = 57 (L,biby) @

where the last equality only holds for isotropic energy density.

3 Associative

Assume we have no hardening, e.g. )(Fg) = 1&(% (FETFE —1)), thus P = FE:E—wE(% (FETFE - I))F;T
and the Mendel stress M” satisfies

MP = Fgﬁi = CE%. (28)
If we choose L” such that
MP . LP >wM* . L” (29)
for all admissible states of stress M*, then
1. If M* = 0 is an admissible state of stress, then
E'(t; BY) < V - (PN) ds(X) (30)

oB°
which says that the plasticity dissipates energy.

2. If the region of admissible M* is (a) convex and (b) defined via f(M*) < 0 then LY € 9f(MF)
satisfies Equation (29).

Similarly, if we choose —%Evb Eb;J1 € df we get an associative plastic flow when we write the yield
surface in terms of 7: f(7).

3.1 Yield surface and plastic flow

We will have plastic flow Fp # 0 when our stress is on the boundary of the feasible region, and
without plasticity we would leave the region. In the case of isoptropy and a yield surface defined in
terms of the Kirchhoff stress, then

)
Lybg = —2)\8—£(T)bE (31)

where
o If f(T)<Oor f(7) =0 and a <0, then A = 0.
e Otherwise if, f(7) =0 and o > 0, then A = 3

where

_of or . . _,9f ot (0f
T or Obg 'bE’FP:w b= 2(97' " Obg (aT(T)bE) . 32)



3.2 Isoptropic yield surface

Suppose the yield surface function f : ym — Ris isotropic: f(VTVT) = f(7) for all rotations V.

Then as discussed in Appendix (§5.2), we can write f(7) = f(7'1, T2, 73) where 7 = ). 7;u; ® u; and

S

g—f_('r) => af u; ® u;. Therefore since 7 and by have the same eigenvectors

8 Z g )\Ezul Q@ u; (33)

Furthermore using the properties of isotropic energy density,

where
8bE Z oju;u; | = Z Cij(bp)oju; ®u;
,J

for arbitrary }; oju; ® u;.

4 Hencky Strain
If we define the elastic potential as a function of the Hencky strain as
V(Fg, Fp) = peg : €p + gtr (er)® (35)
then
T =Cep =2uep + Mr(eg) L. (36)

This can be written in terms of the eigen basis of bg as

T—CGE—ZCUlOg )\ )uz®uZ (37)
7]
with
) 2+ A A A
¢ = A 2ut+A A
A A 2t A

4.1 Yield surface and plastic rate of change

With this energy density, the rate of change of the elastic Hencky strain has the favorable property
that its direction is simply related to the yield surface when it is written in terms of €. Specifically,
a and (8 in Equation (32) can be written as

of or

o= 9y 9ep : éE‘FP:07 8= 225_ : (98671—5 : (([B](bE) [gi( )bE])kl uy, ®ul> (38)



and since %(T) =3, gf w; ®u; and bp =, A4, ® u; and

9 0 8f 2 L
[%(T)bE]ij =u;- <af_(7')bEu]') = { 7 A\Bi L=

(), otherwise

and [B](bg) from Equation (14), as well as a = C from Equation (37)
-9 C,
Z 67’Z J 873 (39)

5 Appendix: eigen decomposition differentials
Consider the space of symmetric 3 x 3 matrices ngxg, thus S € ngxmg have eigen decompositions,
3x3
_)

sym

S = VAV for some orthogonal V and diagonal A. We can define a class of functions g : R

R3S that are inherited from scalar functions g : R — R as

g(S) = Vg(A)v”
where we use the notation

g(\1) A1
g(A) = g(A2) and A = A2
9(A3) A3
We can derive the differentials of scalar inherited g using the expressions for the differentials of

the eigen decomposition of S. The eigen decomposition of the symmetric matrix S can be thought of

as a function over Rg’;n?{ V. Rg’;n?{ — R>3 and A : Rg’yxn?l’ — Rf’hxa‘;’;, or V(S) and A(S) to emphasize

the dependent variable. By definition, we have the relation
68 = 6VAVT + VSAVT + VASVT

and since VIV =1,
SVIV +VTsv =o.

Using W = 6VTV, we see that W is skew symmetric and that
VT5SV = WTA + A + AW.

Since W is skew symmetric, it can be written as

0 w3 —Ww?2
W = —Ww3 0 w1
w9 —W1 0
and thus
(5A1 —(,U3(>\2 — /\1) wg()\g — )\1)
VISV = | —ws(Aa — A1) 5o —wi(A3 = A1) |- (40)
CL)Q()\?) — /\1) —wl(/\g — /\2) (5)\3



Thus denoting A = VT§SV, we have the expressions

asz2 Wy — asi wn — az1
2 = 3=
A3 — Ao’ A3 — A1’ A2 — A1

W] = — ,and5)\i:aii,i:1,2,3

Similar to the eigen decomposition

VI5gV = Wlg(A) +6g(A) + g(A)W

where
g'(M)oM
6g(A) = g'(A2)dXs
g'(A3)0As3
Thus,
g’()q)an g()\i)*g\()\l)am g(A}\g)fg\()\l)agl
27 A1 —
VgV = Q(A%):‘i(%ma?l g (A2)ans %aw
g(A§3:§1Al)a31 g“iiii?”aw g (X3)ass
and . . .
g (M)ai 9 ;’2)—5)7\(1 Uy 9 3% gé Y 4,
0g=V w o1 g'(A2)as ’\337 3 Jagy | VT.
g(Ais /\1)\1) as1 g(/\iz:iih)%? g'(X3)ass

We can rewrite this in terms of the matrix

g (M) gA2)—g(A1)  g(A3)—g(M1)

(A2)—g(M1) 2N 3 Zobae)
B S L0, e
galogla) - galglda) i)

using the Hadamard product (or entry-wise product) where the 4, j entry of A o B is A;;B;; (with
no summation on the repeated indices). That is,

sg =V (Bo (VTéSV)) VT (41)

5.1 Symmetric tensors

— V2 then

This result generalizes to functions over symmetric tensors. If g : V2 sy

og = ([BI(S) © [0S]), wr © wy (42)

where S = Y, \ju; X u; is the eigenvalue decomposition of S. [0S], [B](S) € R3*3 and [B](S)o[5S] €
R3*3 is their Hadamard product. The entries in the matrix [§S] are [0S];; = u; - (§Su;), i.e. it is
the expression of §S in the eigenbasis of S. We would assume the convention A\; > Ay > A3 to make
the mapping [B] :— V2 well defined from

sym

g'(\) Q(Aiz):il\(lh) g(A3)—g(AM1)

Az—A
B](S) = 9(>\2) (>\1) 7' (\2) 9(/\;3*?\6)\2)
g(Af o) g0e)-g0a) gy

Az—A2




5.2 Scalar functions of symmetric tensors

Let f: V2, — Rwith f(S) = f(A1, A2, As) = f(I(S),1I(S),I1I(S)) where

I(S) = A + A2+ A3, II(S) = A2+ A A3+ Mg, III(S) = A1 A9 )3.

Using Equation (40), we can conclude

d of of
6f = a%(s) = i 8)C(A1,)\27A3>6)\i = i 8)];(/\1,)\2,)\3)ui . (5Sui)
Thus, the derivative is given by
91 ) _ 5 9F .
ﬁ(S) = oA (A1, A2, A3)u; @ u;.

(44)



