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A brief history of minimal surfaces

The chronicle
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Plateau problem

finding the minimal surface with a given boundary curve

* M: a (3-dimensional) manifold.
 Given a closed boundary curveI' <— M, that is, 0I' = &.

* Find a surface > — M that
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“Area functional is not convex.”

—well-known geometric processing fact.

UC San Diego




9
o

ing fact.

“Area functional is not convex
—well-known geometric process

NS ST
NSRS
B
428
SO

P AVAVAYANEGY,

aQ
—
"
4

o
e ™
e !

g I\

i
l‘.

“r

™ BN
e S

UC San Diego




“Area functional 1s not convex.”

—well-known geometric processing fact.

Surface area
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Level-set-based methods

level sets are always implicitly closed

» Surface is implicitly stored with a spatial function f : M — R
* Levelset X = {x € M|f(x) =0}
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Level-set-based methods

level sets are always implicitly closed

+ Surface is implicitly stored with a spatial function / : M — R
* Levelset X ={x e M|f(x) =0}

* Inherently, ¥ = 0{x € M|f(x) > 0} = OU boundary of an open region.
» 0 = 00U = @.

L = {x € M|f(x) = 0}

U:{XGM‘f(X)>O}I
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Level-set-based methods

level sets are always implicitly closed

+ Surface is implicitly stored with a spatial function / : M — R
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Mesh-based methods

mesh-quality-dependent Laplacian

* Discrete curvature flow

* [ll-conditioned Laplacian for low quality mesh
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Mesh-based methods

explicit representation means discrete connectivity

* Discrete curvature flow
* [ll-conditioned Laplacian for low quality mesh

* Discrete operation to resolve topological difference

W0
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Outline

Current = Differential form & distribution
Boundary constraint = weak derivative constraint of current
Area functional = mass norm of current

Cohomology condition

ADMM and results
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Problem setup

(the assumptions)

* The “manifold” M = T
* (we chose compact M intentionally)
* The “boundary curve”I' — M

* Aclosed curve,i.e.0l' = @&
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Differential forms
c.f. Bott & Tu 1991

e V" ={1,dxq,dxs,dxs,dx1 Ndxs, - ,dxry Adrs A dxs}with relation
dr; Ndr; = —dx; N\ dx;

e Differential forms on M is

O (M) =C®(M) ®Q* = Q*(M)

» Exterior derivative d : Q¥ (M) — Q"1 (M)

- df - Jdf - Jdf
df N 8$1 de1 I 8$2d£€2 I 8563

dxs d( frdxr) = df; N\ dxg
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Integrals

natural linear functional on differential forms

* Natural pairing between k forms and k-submanifolds

(X|w) = /Ew /Sf(:p,y)dxdy—/sfdA

* Integral is linear in w,

(Qk(]\%)yk D {w — / w | 22— M: k—submanifold}
2

/ fla.y)dedy = oy [ fdA+ay [ fdA
a1951+aoSo S1 S
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Integrals

natural linear functional on differential forms

* Natural pairing between k forms and k-submanifolds

El) = [ v

* Integral is linear in w,

(Qk(M))* D {w —> / w | 22— M: k—submanifold}
>
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Dirac-delta funetion measure

O-dim geometry (points) «<— dual of O-forms (functions)

* Apoint p € M can be represented by a Dirac-delta measure { 00 at p

0. —
0, : C°(M) — R 5 .
fo@) /pr f(p)

0 else
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Dirac-delta funetion measure

O-dim geometry (points) «<— dual of O-forms (functions)

* A point p € M can be represented by a Dirac-delta measure { 00 at p

0p : C (M) - R B
fop =1 ,
f= f(p) /M 7 R

0 else

* “Fuzzy” version:

1
5y () ~ {ESBMO) X € Belp)

0, otherwise

" UCSanDiego




Dirac-delta “form”

linear functional on smooth k-forms

e > — M is a k-dimensional submanifold

* Represented by a linear functional on smooth k-forms
st Q°(M) = R
W / W
5
. Denotedas/ w/\ég:/w
M 5
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Dirac-delta “form”

linear functional on smooth k-forms

* 1D: curvel — M

e Lineintegral or : 1 € C°Q (M) — / n
T

* “Fuzzy” version

1
Or(x) /& ¢ e

_tr(x),x € N(T)

0,otherwise

/ V-(SpdV%/v-tpds
M r
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Dirac-delta “form”

linear functional on smooth k-forms

* 1D: curvel — M

e Lineintegral or : 1 € C°Q (M) — / n
T

* “Fuzzy” version

1
Or(x) /& ¢ e

_tr(x),x € N(T)

0,otherwise

/ V-(SpdV%/v-tpdS
M r
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Dirac-delta “form”

linear functional on smooth k-forms

e 2D:surface X — M

+ Fluxintegral 0 : w € C°O* (M) / W
5
* “Fuzzy” version

Oy (%) ~ QLEHE(X)’X < Ne(2)

0,otherwise

/ V-5de%/V-ngdS
M 5
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Dirac-delta “form”

linear functional on smooth k-forms

e 2D:surface X — M

» Fluxintegral 0x; : w € C°Q* (M) / W
5
* “Fuzzy” version

Oy (%) ~ ZLGHE(X)’X < Ne(2)

0,otherwise

/ V-5de%/V-ngdS
M 5
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Surface

as taking flux on 2-forms

L s(x).x € V(%)

2€
0,otherwise
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Dirac-delta “form”

degree

* Linear functional on smooth (compactly-supported) k-forms

BN

1
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Dirac-delta “form”

degree

* Linear functional on smooth (compactly-supported) k-forms

BN

" n — k
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Dirac-delta “form” to space of current

degree

* Linear functional on smooth (compactly-supported) k-forms

BN

" n — k

* Denoted all linear functional on smooth k-forms by

DQ" (M) = (F(M))" = (C=(M))" @ {dzr : |[I| =n — k}

» For easy distinction, denote smooth k-forms as C*°Q" (M)

UC San Diego



Currents

properties

* Linear combination

a0y, + -+ a0y, :wGCOOQl(M)Hal/ w—l—---+cvm/ W
> 5

™

» Superposition of submanifolds a121 + -+ + a2,
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SurfaceY — M Dirac-delta 1-form 0z € Dﬂl(M )
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Currents

Stokes’' theorem

o Stokes’ Theorem / — / dy
ON N
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Currents

e g = Dfinthe weak sense if V¢ & CSO,/sﬁg — jgsﬁf — /(Dgp)f

* As operation on ¥, weak derivative (@, Df) = {dyp, f) + boundary term

UC San Diego




Currents

e g = Dfinthe weak sense if V¢ & Cgo,/sﬁg — jgsﬁf — /(Dgp)f

* As operation on ¥, weak derivative (@, Df) = {dyp, f) + boundary term

* dnis the weak derivative of n & DQ”_k(M ) if
VwEC’OOQk_l(M),(—l)k_l/ w/\dn:% w/\n—/ dw N 7
M OM M
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Currents

weak derivatives

* dnis the weak derivative of n & DQ”_k(M ) if
VwEC’OOQk_l(M),(—l)k_l/ w/\dn:jlg w/\n—/ dw N\ 1
M OM M

» For Dirac-delta form n = ox; (k=2),

(—1)/ wAd5§]:7§ w/\ég—/dw/\5g
M oM M

:—/ dw/\&z
M

o i’z o /M o UC San Diego




Currents

weak derivatives

* dnis the weak derivative of n & DQ”_k(M ) if
VwEC’OOQk_l(M),(—l)k_l/ w/\dn:jlg w/\n—/ dw N\ 1
M OM M

» For Dirac-delta form n = ox; (k=2),

(—1)/ w/\d5§3:7§ w/\ég—/dw/\5g
M oM M

:—/ dw/\&z
M

o i’z o /M o UC San Diego




SurfaceY — M Dirac-delta 1-form 0z € Dﬂl(M )
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Surface> — M Dirac-delta I-form 0s € DY (M)
Boundary 9 =T' Weak derivative dds = or

UC San Diego




Current mass norm

Operator norm w.r.t. sup-norm on smooth forms

* Operator norm for (n-k)-currentn : C OQQk(]W ) — R

H77Hmass — SUup ‘77[“”
weC>*QF(M),||wl|| L~ <1

UCSan Diego




Current mass norm

Operator norm w.r.t. sup-norm on smooth forms

* Operator norm for (n-k)-currentn : C OQQk(]W ) — R

H77Hmass — SUpP ‘77[‘*’”
weC>®Ok (M), ||wl|l e <1

* Sup-norm for k-smooth form W < Cooﬂk(M )

|wl|ree = sup |wlp
peM
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Current mass norm

Operator norm w.r.t. sup-norm on smooth forms

* Operator norm for (n-k)-currentn : C OQQk(]W ) — R

H77Hmass — SUpP ‘77[‘*’”
weC>*QF(M),||wl|| L~ <1

* Sup-norm for k-smooth form W < Cooﬂk(M )

|wllLee = sup jwi,

» Pointwise Euclidean ¢ norm

w—Zf[diE[,|w‘ Zf[
UC San Diego




» Dirac-delta form for surfaces 0y ~ —nx g\\ T ;i

H(SZHmaSS

Current mass norm

equivalent to surface area on Dirac-delta 1-forms
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lwll o0 <1 iy,
— Sup / v - nydS
vEC® (M—R3) J3]
v|<1

/ ny - nndS = / 1dS = Area(X)
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Surface> — M Dirac-delta I-form 0s € DY (M)
Boundary 9 =T' Weak derivative dds = or
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SurfaceY — M Dirac-delta 1-form 0 € Dﬂl(M )
Boundary 9% =T' Weak derivative dos = or
Surface area Area(X) Mass norm 102 [l mass
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Plateau problem

original problem

 Variable> «— M
e ConstraintoX =1
* Objective Area(X)

UC San Diego




Plateau problem

written in terms of current

» Variable X < M« represented by ds; € DQ' (M)
* Constraint 0% = 1" « equivalently, doy, = or

* Objective Area(>l) - equivalently, [|05 || mass

UC San Diego




Plateau problem, relaxed

written in terms of current

» Variable Y <+ M < represented by 0y, € DQ' (M)« Variablen € DY (M)
* Constraint 92X = 1" * equivalently, dos;, = or * Constraint dn = Jr

* Objective Area(>) equivalently,H5ZHmass . ObjectiveHWHmass

UC San Diego




Plateau problem, relaxed

written in terms of current

* Variable X < M e« represented by Jx, € DQl(M ) ¢ Variablen € Dﬂl(M )

* Constraint 92X = 1" * equivalently, dos;, = or  Constraint dn = ot

05 || mass * Obijective 7l mass

* Objective Area(>l) < equivalently,

UC San Diego




“Area functional is no longer nonconvex.”
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e 2.1, 2.2 are symmetric minima

* ||7||mass is constant on segment {60y,
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Plateau problem on 3-torus

periodic boundary artifact

UC San Diego




Admissible set

Cohomology matters

* Nontrivial cohomology ' (T°) = ker(d")/im(d”) # 0

* Nontrivial harmonic forms (closed but not exact)
AR f
, S ,
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Admissible set

Cohomology as projected area

hi/\5 :/ei-n dS
/ - > - 2

— / 1dS = SignedArea(P; (X)) 4
o A
C N
\

)3

. Pi(X) N

UC San Diego




- hi Nos = [ e;-ngdS
Admissibleset /""" /.

_ / 1dS = SignedArea(Pi(Z))
Pi(2)
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Admissible set

Cohomology constraint

» Adding Cohomology constraint

 Admissible set

A = {nepﬂl(M) dnzép,/hz/\n:w@,z:l,Z,S}

UC San Diego




Admissible set

Cohomology constraint

dn:(Sp,/hi/\n:wi,i:l,Q,S}

UC San Diego




Admissible set

Cohomology constraint

{nEDQl(M) dn:(?p,/hi/\n:wi,i: 1,2,3}

ke]f(d1 im(do)

‘

' \ M
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Admissible set

Cohomology constraint

{WEDQl(M) dﬁ:(SF,/hz/\U:%aZ: 17273}:n0+1m(d0)

ke]f(d1 im(do)

‘

' \ M
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Fast ADMM

Equivalent formulation

* Initial guess 19 € A by Biot Savart

minimize ||7||mass

s.t. m €ng +1m (dO)

UC San Diego




Fast ADMM

Equivalent formulation

* Initial guess 19 € A by Biot Savart

minimize ||7||mass

s.t. m €ng +1m (dO)

» Equivalently problem:
variable ¢ € Q°(M),n € Q' (M)

minimize ||7||mass

s.t. n—ng =dp

UC San Diego




Fast ADMM

global (Poisson) and local (Shrink) solve

Global

, T
min{A, de) + Sljde —n+ Nol|7:

TAY =1 —1ng + 0\
Poisson equation on torus

Spectral method

.ocal

m77in H”Hmass - <>‘7 77>

i
" lldg — 1+ moll3

Vp € M, (t(dp —n+n0) + A)p € 0|1y

L1 pointwise optimality

Shrinkage operator

UC San Diego
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Converting current to level set

e Optimal solution ™ = 0x~
singularity at > in normal direction

* u* = d" n*jump at X" in normal direction

* Take level set X" = {x € M|u™(x) = 0}

UC San Diego




Converting current to level set

\.‘\
.\; 3 -’1
-
\ !
1
\ ¢
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Optimal solution ™ = 0x
singularity at > in normal direction

w* = d"n* jump at ¥ in normal direction

Take level set X" = {x € M|u"(x) = 0}

dTn* = argmin |l 7,2
ueDQY(M):du=n*

dtn* = A~1dn"single Poisson solve
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Comparison

PC: H. Parks and J. Pitts 1997 UC San Dieg()
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non-manifold soap film
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Non-manifold minimal surface

(the 120° intersection)

is equivalent tow ess optimal thw
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Non-manifold minimal surface

(the 120° intersection)

is equivalent to7777>%\/6<<:::eS s optimal thw

is less optimal than

UC San Diego




Can’t do: non-orientable soap film

Figure courtesy: U. Pinkall and K. Polthier 1993
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Comparison to other methods

Pinkall and Polthier 1993

Dunfield and Hirani 2011

Ours

discrete curvature flow
on trimesh

optimal discrete cochain
on tetmesh

current norm minimization
on grid

initialization/remeshing for
different topology

automatic topology

automatic topology

only local minimum

global minimum

global minumum

quality surface trimesh

quality spatial tetmesh

regular grid

Possibly ill-conditioned
Laplacian

Interior point method

FFT on grid
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Future work

Applications in crystallographic structures
Current neural network

L1 gauge decomposition of differential forms
Gravity (soap film with mass)

Thin shell dynamics simulation
Non-orientable soap films using varifolds
Volume constraint for soap bubbles
Non-compact ambient space M

Weierstrass-Enneper representation neural network

UC San Diego




Thank you for your attention!

Stephanie Wang and Albert Chern
stwO06@eng.ucsd.edu and alchern@eng.ucsd.edu
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